Cylindrical vector beams with azimuthal and radial polarization distributions are studied for singularities. It is shown experimentally that these beams have screw dislocation as well as edge dislocation at the same time. The relation between phase and polarization of light beam is the key to understand this fact. We envisage that this has potential application in phase synthesis using polarization engineering. Further, the polarization singularities in these inhomogeneously polarized beams are examined by measuring Stokes parameters across the cross-section of these beams.
Introduction
Optical vortex, also called screw dislocation [1] or phase singularity, is characterized by intensity null within the cross-section of a beam. At the intensity null point, the phase is undefined and in its neighborhood, the wavefront is helical in shape [2, 3] . The topology is such that all the wavefronts which are disconnected and separated by distance k with each other in an otherwise non-singular beam, become connected thereby forming a single wavefront filling the entire space. The optical vortices can be characterized by various interferometry techniques [4] [5] [6] [7] . In two beam interferometry, fork-type fringes (characteristic of phase singularity) appear at the singular region. Optical vortices have significant importance and applications in classical and quantum optics [8] [9] [10] [11] [12] [13] . This type of singularity is scalar in nature. There is another type of singularity called vector singularity, which is present whenever polarization or some of the parameters (Stokes parameter, degree of polarization) used to define the state of polarization become indeterminate [14] [15] [16] . In recent years, the beams having spatially inhomogeneous polarization distribution across its cross-section, known as cylindrical vector (CV) beams, received a lot of attention in the scientific community. Electric fields in the focal region of such beams have unique properties [15] [16] [17] [18] [19] . Radially polarized (RP) beams and azimuthally polarized (AP) beams are two types of CV beams having potential applications in many areas [20] [21] [22] [23] [24] [25] [26] [27] .
In this paper, we have studied RP and AP beams generated using liquid crystal-based polarization converter (PC). These beams have inhomogeneous polarization distribution across its cross-section and an intensity null at the centre. Decomposing the RP/AP beams into its orthogonal polarization states can reveal the presence of point or line phase defects in the beam. By interfering RP/AP beams with a circularly polarized beam, fork-type fringe appear at the center which shows the presence of a phase singularity of unit charge at the center of the beam. Similarly, by interfering RP/AP beams with linearly polarized beam, fringes shift along the phase discontinuity line showing the presence of edge dislocation in the CV beams. Further, the polarization singularities present across the beam cross-section are characterized by measuring the Stokes parameters over its cross-section.
Phase defects
Decomposition of a polarization state into its orthogonal components [28, 29] holds the key in extracting the beam with line or point phase defects from a CV beam. There is an infinite number of ways that the decomposition can be thought of. For any state of polarization defined by a point on the Poincare sphere, its orthogonal state can be located at a diametrically opposite point on the sphere. Therefore, any state can be decomposed into two orthogonal states with a phase difference between them. The decomposition of RP/AP beam into its orthogonal circular polarization components shows that the decomposed beams are singular, each with a point phase defect. If the decomposition is such that the two decomposed beams are linearly orthogonally polarized, the phase front of the decomposed beams possess line phase defect. In fact, the number of ways decomposition of inhomogeneously polarized beams can be made, offers possibilities of realizing wavefronts of different shapes from an appropriately polarization-engineered single beam.
The RP and AP light can be described as a sum of left circularly polarized (LCP) and right circularly polarized (RCP) light with opposite helical phases [28] ,
where / x; y ð Þ ¼ tan À1 y=x ð Þ gives the azimuthal phase variation, ±m is the topological charge of the singular beams, / 0 ¼ 0 for a RP beam and / 0 ¼ p=2 for an AP beam. Since / x; y ð Þ is not constant, the propagation vector k has transverse (x, y)components arising due to r/ x; y ð Þ and are ignored here. Moreover, the superposition of positive and negative vortices produce circulating r/ x; y ð Þ transverse components that cancels out. These transverse components of k are responsible for internal energy flows within the transverse plane [30] [31] [32] [33] . The electric field vector of a tilted interfering RCP/LCP beam, having propagation vector k making a small angle α with z-axis in the x-z plane, is given by:
Since α is small, the longitudinal component of Ẽ RCP=LCP along the z-direction is ignored. The interference pattern is given by:
The interference pattern as described by Equation (3), observed at any z = z 1 plane where z 1 a constant, contains fork fringes that indicate the presence of phase singularity in the RP and AP beams. Note that the orthogonal polarization components do not interfere. For example, the RCP component of RP/AP beam interferes with the interfering RCP beam to yield fork fringes due to the presence of the helical phase term mϕ in Equation (1) . The LCP component of RP/AP merely adds to the background. In Equation (3), the formation of fringes (constructive interference) is governed by the term
where the period of the fringes (away from the vortex core) is decided by α and the number of extra fringes in the fork formation is decided by m.
To observe line phase defect, the RP beam can be decomposed into linearly polarized beams. In Figure 1 , we tried to depict how this decomposition can be done, where the presence of phase step is illustrated in red color. For radial polarization, the decomposition is such that the direction of linear polarization, in the two halves of each of the beams, is perpendicular to the phase step, whereas the direction of linear polarization is oriented parallel to the phase step for the case of AP beam decomposition. The electric field vector of the RP plane wave is given by:
where sgn½x and sgn½y are signum functions defined as:
When the RP beam given by Equation (5), interferes with a linearly polarized plane wave whose electric field vector is given by:
the interference fringes can be observed at xy-plane. The y-component of the radial polarization interferes with the y-component of the reference plane wave, while the x-component of the radial polarization adds to the background intensity in the interference pattern. The straight line fringes running parallel to y-axis will have a step discontinuity where the line phase defect is present. This edge dislocation is along x = 0 line in the xy-plane. Similarly, azimuthal polarization can be thought of superposition of two orthogonal linear polarizations with the presence of signum function in its phase distributions.
The interference of AP beam with a linearly polarized plane wave will reveal the presence of phase step by way of fringe shift. In Equations (5) and (8), the amplitudes E i x; y ð Þ are not constants and are functions of x and y. For example, E 1 x; y ð Þ ¼ E 0 cos b x; y ð Þ j jand β is measured with respect to the line perpendicular to the phase dislocation (jump). Basically, we have written the bipolar nature of cos β variation as a product of a unipolar function (always positive) and a signum function. The amplitudes E i x; y ð Þ can be thought (only the amplitude part) of the lobes of a HG 10 or HG 01 mode in the two halves of the beam. Note in the HG 10/01 modes, the SOPs in the two lobes are same but with a π phase difference.
Polarization singularities
To observe the presence of polarization singularities in the azimuth and in the ellipticity, the Stokes parameters are experimentally observed and analyzed. The polarization state of a vector beam can be represented completely by the Poincare sphere [34] . In general, an elliptically polarized beam with its major axis making an angle ψ with the x-axis (horizontal axis) is represented by a point P on the surface of the Poincare sphere (as shown in Figure 2 ) of radius S 0 . The co-ordinate axes S 1 , S 2 , S 3 , and S 0 are the Stokes parameters which are experimentally calculated using a quarter wave plate followed by a linear polarizer. The angle ψ determines the orientation of the major axis of the ellipse of the elliptically polarized light and the angle 2χ determines the ellipticity of the polarization state. If the latter is zero, the polarization state is linear. On the other hand, if it is AEp=2, the polarization is circular (either right handed or left handed). If I /; h ð Þ represents the intensity recorded at a CCD camera when the fast axis of the quarter wave plate makes an angle ϕ and the polarizer axis makes an angle θ with x-axis, the four Stokes parameters are given by [35] :
The angles ψ and χ can be easily calculated using Equation (9) , where
At the center of the AP and RP beams, the presence of phase singularity ensures that S 0 = 0 with all other Stokes parameters S 1 = S 2 = S 3 = 0. Hence, the presence of polarization singularities can be seen by plotting the spatial distribution of ψ and χ. For both RP and AP beams, the handedness is not defined throughout the beam cross-section, since they are basically made up of linear polarization states.
Experimental setup
A 632.8-nm linearly polarized and intensity-stabilized He-Ne laser (MellusGriot) beam is spatially filtered and expanded as shown in Figure 3 . The beam is attenuated by a continuously variable neutral density filter ND and its polarization is aligned vertically by a half-wave plate HWP. The laser beam is then divided into two parts by a 50-50 beam splitter BS 1 . One part (vertically polarized) is fed to the PC through which the RP/AP beam is created (cross-sections of the generated RP and AP beams are shown in Figure 4 ). The other part is first made circularly polarized by insertion of a quarter-wave plate (QWP) and then combined with the RP/AP beam through another 50-50 beam splitter BS 2 . The interference patterns for both RP and AP beams with RCP and LCP beams are captured by CCD camera and are shown in Figure 5 The RP/AP beam generated by the PC can be described from Equation (1), with a phase singularity of unit charge at the centre of the beam. For line phase defect, in the experimental setup shown in Figure 3 , the circularly polarized reference beam is replaced by a plane polarized beam and is made to interfere the RP/AP beam. The observed interference patterns are shown in Figure 7(a)-(d) . Fringes in the field of view are shifted by half the period (Figure 7 (a) and (d)) where the phase step is present and this indicates the presence of the edge dislocation in the RP/AP beam. Since the tilt of the interfering beam is kept same, the phase steps in Figure 7 (b) and (c), are not seen clearly and it can be seen if we change the tilt of fringe orientation.
The setup for calculating the Stokes parameters of RP/AP beam is shown in Figure 8 . The Stokes parameters are calculated with the aid of a quarter-wave plate followed by a linear polarizer and using Equation (9) . The distribution of the angles ψ and χ over the crosssections of both RP and AP beams is calculated from Equation (10) and shown in Figure 9 . In Figure 9 (a) and (c), the distribution of ψ shows the presence of vortex at the centre. This indicates that at the center ψ is undefined in both RP and AP. In their immediate neighborhood, rapid changes in the orientation of the major axis occur which is typical of vortex structure. Since S 3 is zero for both the RP and AP beams the ellipticity is zero all across the beam as shown in Figure 9 (b) and (d).
Results and discussion
The presence of phase singularity at the center of the beam is observed from the interference of the RP/AP beam with a RCP/LCP beam shown in Figure 5 . In the interference pattern, a fork fringe appears at the center which indicates the presence of phase singularity of unit charge at the centre of the RP/AP beam. The decomposition of RP/AP into its linear polarization components reveals a line phase defect instead of point phase defect. This can be seen by the fringe shift between the two halves of the fringe pattern shown in Figure 7 . It is very interesting to note that depending upon the way the decomposition of a polarization state into its orthogonal components, the wavefront with different characteristics can be seen. There is a polarization singularity present at the center of the beam because the polarization is undefined around that region. To determine the nature of the polarization singularity, the Stokes parameters for both RP and AP beams are measured using Equation (9) . The angles ψ and χ are calculated from the measured Stokes parameters from Equation (10) . The distributions for the said angles across the cross-section for both RP and AP light beams are shown in Figure 9 . Some fringes appeared in the calculated values of the angles ψ and χ which are due to low magnitude (low intensity) of the parameter S 0 in those regions. The topological charge of the polarization singularity and the state of polarization, within the cross-section of the beam, is observed from the distribution of the angles ψ and χ. Since there is a total rotation of 2π of the angle ψ around the center of the beam for both radially and AP beams, the topological charge of the polarization singularity is of magnitude one. Similarly, the magnitude of the angle χ in the crosssection of the beams is almost zero which indicates that the polarization state of the beams is linear. Therefore, in this work, we have investigated the polarization properties of the radially and AP beams, as well as have characterized the presence of phase singularity at the center of the beam.
Conclusion
In conclusion, we have studied the RP and AP beams generated from a liquid crystal-based polarization converter. The generated beams have a ring-like intensity profile with an intensity minimum at its center. Interference of the RP and AP beams with a circularly polarized beam results in formations of fork-type fringes at the center of the interference pattern showing the presence of phase singularity of unit charge at the centre of the beam. The presence of edge dislocation in the RP and AP beam can be revealed using a linearly polarized beam as the reference beam in the interference setup. It is very interesting to note that depending upon the way the decomposition of a polarization state into its orthogonal components, the wavefront with different characteristics can be seen. In addition, the polarization properties of the inhomogeneously polarized beams are experimentally studied by measuring the Stokes parameters across the cross-section of both RP and AP beams. The distribution of the angles ψ and χ across the cross-section of the RP and AP beams shows the presence of polarization singularity at their center. Therefore, in this work, the phase singularities as well as polarization singularities across the cross-section of the RP and AP beams are studied in detail. This study has considerable importance in the field of singular optics and wavefront shaping.
